The state sum regular isotopy invariant of links which I introduce in this work is a generalization of the Jones Polynomial. So it distinguishes any pair of links which are distinguishable by Jones'. This new invariant, denoted VSE-invariant is strictly stronger than Jones': I detected a pair of links which are not distinguished by Jones' but are distinguished by the new invariant. The full VSE-invariant has 3 n states. However, there are useful specializations of it parametrized by an integer k, having O(n k ) = k ℓ=0 n ℓ 2 ℓ states. The link with more crossings of the pair which was distinguished by the VSE-invariant has 20 crossings. The specialization which is enough to distinguish corresponds to k=2 and has only 801 states, as opposed to the 2 20 = 1, 048, 576 states of the Jones polynomial of the same link. The full VSE-invariant of it has 3 20 = 3, 486, 784, 401 states. The VSE-invariant is a good alternative for the Jones polynomial when the number of crossings makes the computation of this polynomial impossible. For instance, for k = 2 the specialization of the VSE-invariant of a link with n = 500 crossings can be computed in a few minutes, since it has only 2 n 2 + 1 = 500, 001 states.
Introduction: the VSE-Expansion
The Jones polynomial, [4] or its equivalent counterpart, Kauffman's bracket [5] does a superb job of distinguishing inequivalent knots and links. However, its computation is limited to links with a few crossing because there are 2 n states to be enumerated and evaluated for a link presentation having n crossings. Here I present a practical strategy to overcome exponentiability, thereby obtaining useful regular isotopy invariants with only a polynomial number of states.
The strategy which works is a 4-step strengthening of Kauffman's expansion for the bracket [5] . The state sum of the VSE-invariant lives in the ring The first generalization relative to Kauffman's bracket is to use the 2-coloration (shaded and white faces) of the link diagram. This permits the distinctions of two kinds of crossing X1 and X2: the crossing of type X1 is the one that going counterclockwise from an overpass to an underpass the sweeped region is shaded; otherwise, if this region is white, the crossing is of type X2. The two types of crossings enable the definition of 4 variables A, B, X, Y ) instead of the usual 2 variables A, B, of only 2 of the bracket. A second generalization is that the virtual term of the expansion is included, by means of new variables F and Z. A third generalization is to introduce a new variable M to control the level: to obtain the k-specialization, this variable is declared to satisfy M k+1 = 0. Crossings of both types are expanded according to the two rules of Fig. 1 . 2 Invariance under Reidemeister moves 2 and 3
Reidemeister move 2 can be dealt with by defining The fourth strengthening relative to Kauffman's bracket is consider each type of exterior to be a variable V ext , where ext is an encoding of the particular transitions relative to each type of exterior. Instead of simply imposing
and impose
Equality must hold for all values of the exterior variables V con[ ]con[ ] . In the state sum, each exterior variable has degree at most 1. So, if I take the partial derivatives of the state sum relative to each of these variables, the exterior variables disappear. I must impose that each such derivative must be zero, thus obtaining a polynomial equation for each exterior variables and each move. This scheme using exterior variables is clearly stronger than the usual one which does not make use of these variables: any solution of the old scheme is a solution for the new scheme but not vice-versa. The six equations coming from Reidemeister move 2 are:
Note that due to symmetry, eq 1 and eq 4 coincide and there are only 5 distinct relations. Now I do a similar job for move 3. For each such move there are now 15 exterior variables, giving rise to 15 equations. For moves 2 and 3 there is a total of 2(3+15)=36 equations in the 8 variables, but there are only 27 distinct ones, due to symmetry. The encoding in Mathematica of the two types of moves 3 are
These moves correspond to the situation of Fig. 5 . Instead of considering a set of 27 polynomial equations pol i = 0, in the spirit of King, [9] , I take the ideal generated by the left hand side of the system of equations. These polynomials generate an ideal, named I ∞ . Instead of solving the system of polynomial equations, I compute a Gröbner for the ideal I ∞ relative to a fixed monomial ordering. The VSE-invariant is the normal form η ∞ (p) of the classes of polynomials p ∈ R/I ∞ . If p and q are VSE-state sums of two links L p and L q which can be transformed one into the other by Reidemeister moves 2 and 3, then η ∞ (p) = η ∞ (q).
The ideal I ∞
I have written a subroutine in Mathematica to obtain automatically the polynomials relative to a given set of moves. The ideal I ∞ of R = Z[A, B, F, X, Y, Z, M, o] corresponding to Reidemeister moves 2 and 3 is I ∞ = pol 1 , pol 2 , . . . , pol 26 , pol 27 , where
The Gröbner basis B ∞
The Gröbner basis B ∞ for I ∞ relative to the lexicographical order of the monomials with variable order vars = {A, B, F, X, Y, Z, M, o} has only 15 polynomials:
This basis is obtained with the Mathematica command This normal form is a regular isotopy invariant of links which generalizes the Jones polynomial. The VSE-invariant of a link is defined to be the normal form η ∞ relative to the Gröbner basis GB ∞ applied to the V SE-state sum of the link. 
The k-specializations of the VSE-invariant
ℓ , for k ≤ n and 3 n for k > n.
Comparing the VSE-invariant with the bracket
In this section we present examples of computations of the VSE-invariant on some knots and links. It seems, from these examples that the V SE-invariants and the bracket have always the same discriminative power. However... see last subsection! For the notation on the knots see [1] .
Knots 4 1 and K11n19
The knots 4 1 and K11n19 with with writhes −3 have the same η ∞ invariant. This implies that η k (4 1 ) = η k (K11n19) for all integer values k > 0.
, . 
Knots 8 8 and Mirror10 129
For this pair of knots, the specializations (computed from k=1 up to 11) are rather insensitive:
. . , 10, 11. At the ∞-level:
Knots 9 42 and Mirror9 42
The knots 9 42 and Mirror9 42 are indistinguishable by the Jones invariant, by the Kauffman invariant and by the HOMFLY invariant. The full VSE-invariant also does not distinguishes them. As with the previous pair, the specializations collapses to o for k from 1 to 11. At k = ∞,
Conway and Kinoshita-Terasaka knots and their doubled
The few states of the specializations of the VSE-invariant for low level of k can be used to effectively compute the doubled or tripled of some knots. I have done this for the Conway and Kinoshita-Terasaka knots hoping to detect mutation. The hope was not fulfilled because for k from 1 to 4 the VSE-specialiazation in these doubled knots are Up to the level k = 4 the values of the specializations of the VSE-invariant of Conway, doubled and Kinoshita-Terasaka, doubled are the same:
The computations for the doubled of Kinoshita-Terasaka knot follow similar lines.
Links T 15 and JS 14
Consider the link T 15 , depicted in Fig.11 which is the first example of [10] , writhe normalized to 0 at each component. The bracket polynomial of this link is equal to the bracket polynomial of the unlink: both are equal to o. Up to the level k = 4, the VSE-invariant does not distinguishes T 15 from the unlink. The values of η i (T 15 ) are all equal to o 2 , for i = 1, 2, 3, 4. Computations yield
Therefore JS 14 is distinguished from the unlink with two components and from T 15 at the k = 2 specialization! This specialization has only 801 states as compared with the 2 20 = 1, 048, 576 states of the Jones polynomial and the 3 20 = 3, 486, 784, 401 states of the full VSE-invariant. and I ∞ is an ideal generated by 27 polynomials. The polynomial p is computed directly from a diagram for the link: it is a state sum based on a virtual, shaded, exterior expansion (VSE-expansion) of the link diagram.
The scheme admits an infinite sequence of specializations based on the normal forms, η k , k=1,2,. . . . These are normal forms relative to a fixed Gröbner basis of the class of polynomials in R/I k , where I k = I ∞ ∪ M k+1 . Each η k induces a specialization of the VSE-invariant which is also a regular isotopy invariant.
I have proved that VSE-invariant is a strict generalization of the bracket. For a fixed number of crossings n the number of states to compute η k is a polynomial of degree k. The specialization can be useful even in the case k = 2, where the VSE-invariant distinguishes pairs of links not distinguishable by the bracket. At the low level k = 2, 3 the VSE-specialization can be computed obtaining useful invariants for links with hundred of crossings.
The possibility to detect mutants via m-cabling failed for the Conway and KinoshitaTerasaka knots at the level m = 2. But it might work for higher values of m. Testing this idea awaits for a proper implementation of m-cabling.
Variations of the strategy here introduced can generalize the VSE-invariant and be exported to obtain invariants of 3-manifolds with a polynomial number of states along the combinatorial lines of [6] and [7] . These matters will be treated in future papers.
